
Ìû èìååì ñëåäóþùóþ çàäà÷ó

utt = a2uxx, 0 < x < l, t > 0,
Tux(x0 + 0, t)− Tux(x0 − 0, t) = A sinωt, t > 0,
u(x, 0) = φ(x), 0 < x < l,
ut(x, 0) = ψ(x), 0 < x < l,
u(0, t) = 0, t > 0,
u(l, t) = 0, t > 0.

Äëÿ åå ðåøåíèÿ ñíà÷àëà ïîäáèðàåì ðåøåíèå äðóãîé çàäà÷è
vtt = a2vxx, 0 < x < l, t > 0,
T vx(x0 + 0, t)− Tvx(x0 − 0, t) = A sinωt, t > 0,
v(0, t) = 0, t > 0,
v(l, t) = 0, t > 0.

Èùåì åãî â âèäå v(x, t) = y(x) sinωt. Äëÿ ôóíêöèè y(x) ïîëó÷àåì çàäà÷ó

y′′ +
ω2

a2
y = 0,

y′(x0 + 0)− y′(x0 − 0) =
A

T
,

y(0) = 0,

y(l) = 0.

Íåñëîæíî ïðîâåðèòü, ÷òî ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå äâóì ïîñëåäíèì êðà-

åâûì óñëîâèÿì èìååò âèä

y(x) =


C1 sin

ωx

a
, 0 < x < x0,

C2 sin
ω(l − x)

a
, x0 < x < l.

Ïîñòîÿííûå C1 è C2 ïîäáèðàåì èç óñëîâèÿ íåïðåðûâíîñòè ôóíêöèè ïðè x = x0 è

âòîðîãî óñëîâèÿ ñèñòåìû
C1 sin

ωx0
a

= C2 sin
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a
,

C1
ω

a
cos
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ω
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.

Ðåøàÿ ñèñòåìó, íàõîäèì

C1 =
Aω sin ω(l−x0)

a

Ta sin ωl
a

, C2 =
Aω sin ωx0

a

Ta sin ωl
a

.

Òàêèì îáðàçîì,

v(x, t) =


Aω sin ω(l−x0)

a

Ta sin ωl
a

sinωt sin
ωx

a
, 0 6 x 6 x0,

Aω sin ωx0

a

Ta sin ωl
a

sinωt sin
ω(l − x)

a
, x0 6 x 6 l.



Äàëåå äåëàåì çàìåíó u = v + w, äëÿ ôóíêöèè w ïîëó÷àåì ñëåäóþùóþ çàäà÷ó
wtt = a2wxx, 0 < x < l, t > 0,
w(x, 0) = φ(x), 0 < x < l,
wt(x, 0) = ψ1(x), 0 < x < l,
w(0, t) = 0, t > 0,
w(l, t) = 0, t > 0,

ãäå ψ1(x) = ψ(x)− ωy(x). Ðåøåíèå ýòîé çàäà÷è ïîëó÷àåòñÿ ìåòîäîì Ôóðüå

w(x, t) =
∞∑
n=1

(
φn cos

nπat

l
+
lψn

nπa
sin

nπat

l

)
sin

nπx

l
.

Çäåñü {φn} � êîýôôèöèåíòû Ôóðüå ôóíêöèè φ(x), à {ψn} � êîýôôèöèåíòû Ôóðüå

ôóíêöèè ψ1(x).


